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DECOMPOSABLE CLUTTERS AND A GENERALIZATION OF
SIMON’S CONJECTURE
MINA BIGDELI, ALI AKBAR YAZDAN POUR, RASHID ZAARE-NAHANDI
Abstract. Each (equigenerated) squarefree monomial ideal in the polynomial ring S =
K[x1, . . . , xn] represents a family of subsets of [n], called a (uniform) clutter. In this
paper, we introduce a class of uniform clutters, called decomposable clutters, whose
associated ideal has linear quotients and hence linear resolution over all fields. We show
that chordality of these clutters guarantees the correctness of a conjecture raised by
R. S. Simon [22] on extendable shellability of d-skeletons of a simplex 〈[n]〉, for all d. We
then prove this conjecture for d ≥ n− 3.
introduction
In the study of simplicial complexes, shellability is one of the interesting and widely
considered topics. However, it is not easy to determine whether a simplicial complex is
shellable. There are some known classes of such complexes arising from different struc-
tures. In this paper, we introduce a new class of shellable complexes which arise from
decomposable clutters.
Shellability is a simple and powerful combinatorial tool for obtaining sequentially Cohen-
Macaulay property. Moreover, shellability is one of the most important tools for polytopes
to satisfy Euler-Poincare´ formula. Recall that the Euler-Poincare´ formula states that for
a d-dimensional polytope P , one has
d∑
i=−1
(−1)ifi = 0,
where fi denotes the number of i-faces of P (with f−1 = fd = 1). For a historical review
of the importance and motivation behind the notion of shellability, the reader may refer
to state of the art paper by J. Gallier [11, pp. 111-112].
In [12] it is proved that for every d ≥ 2, deciding if a pure d-dimensional simplicial
complex is shellable is NP-hard, hence NP-complete. So it is of great interest to find some
classes of simplicial complexes which are shellable. Some known results in this area are as
follows:
• Every skeleton of a shellable simplicial complex is shellable [5, Theorem 2.9]. In
particular, every skeleton of a simplex is shellable.
• Vertex decomposable simplicial complexes are shellable (essentially [26]). In par-
ticular, matroid complexes are shellable [21].
• If P is a polytope, then the boundary complex of P is shellable [6].
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• If G is a chordal graph, then the independence complex of G is shellable [25,
Theorem 2.13].
• If G is a chordal graph, and ∆ = ∆(G) is the clique complex of G, then the
Stanley–Reisner ideal I∆ has a linear resolution [10]. So by [15, Theorem 3.2]
the ideal I∆ has linear quotients. Hence the Alexander dual of ∆ is shellable [15,
Theorem 1.4(c)].
One of the main results of this paper concerns a generalization of chordal graphs to hy-
pergraphs, called decomposable clutters, with the property that the Alexander dual of the
clique complex is shellable (Corollary 2.6).
Another important class of shellable simplicial complexes is the class of extendably
shellable simplicial complexes. A simplicial complex ∆ is called extendably shellable, if any
shelling of a subcomplex of ∆ can be continued to be a shelling of ∆. By a subcomplex
of ∆, here we mean a simplicial complex Γ whose facets are facets of ∆. As in the case
of shellable simplicial complexes, it seems to be quite difficult to show whether a special
class of complexes is extendably shellable. It is known that any 2-sphere is extendably
shellable [8, p. 37]. H. Tverberg has asked whether, for d ≥ 3, each convex d-sphere
is extendably shellable (see [7]). Later, Ziegler [27] showed that there are simple and
simplicial polytopes whose boundary complex is not extendably shellable. This fact gave
a negative answer to the question of Tverberg. However, in [17], it is shown that each d-
sphere with d+3 vertices is extendably shellable (see [8, p. 49]). An intriguing conjecture
due to R. S. Simon [22, Conjecture 4.2.1] is the following:
Conjecture (Simon’s Conjecture). Every d-skeleton of a simplex is extendably shellable.
Bjo¨rner and Eriksson in [4] have proved that any matroid of rank 3 is extendably
shellable. Since 2-skeleton of a simplex is a matroid of rank 3, Simon’s conjecture holds
for d = 2. In [4, Remark 1], as a natural strenthening of Simon’s conjecture, the authors
asked if all matroidal simplicial complexes are extendably shellable. Hall in [13] presented
a matroid of rank 12 which is not extendably shellable. So this is a counterexample to the
extended conjecture of Bjo¨rner and Eriksson.
As one of the main results of this paper, in Corollary 3.8, we will show that the d-th
skeleton of the simplex 〈[n]〉 is extendably shellable for d ≥ n − 3. Moreover, we make a
stronger conjecture which is a generalization of Simon’s conjecture, (see Conjecture 3.6).
Our approach to get a partial answer to Simon’s conjecture is as follows:
In Section 1 we introduce algebraic and combinatorial backgrounds which will be used
in this paper. In Section 2, we introduce a generalization of chordality from graphs to hy-
pergraphs, which is called decomposability of clutters. In this section it is proved that the
Stanley-Reisner ideal of the clique complex of decomposable clutters have linear quotients.
Hence the Alexander dual of the clique complex of a decomposable clutter is shellable.
Then in Section 3, we study the relation between the concept of decomposable clutter and
the Simon’s conjecture. To be more precise, we consider the class of chordal clutters as
introduced in [3]. The ideal associated to chordal clutters have a linear resolution over
all fields, while there are examples of chordal clutters whose associated ideal does not
have linear quotients. Yet, the ideal attached to the class of decomposable clutters has
linear quotients. It follows that the class of chordal clutters is different from the class of
decomposable clutters. However, since the ideals associated to the class of decomposable
clutters have a linear resolution over all fields, it is reasonable to ask whether this class is
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contained in the class of chordal clutters. We will see that this statement is a generaliza-
tion of Simon’s conjecture (Corollary 3.7). We close the paper by giving some examples
of classes of decomposable clutters in the last section.
1. Preliminaries
Throughout this paper, S = K[x1, . . . , xn] denotes the polynomial ring over a field K
with n variables, endowed with standard grading (i.e. deg(xi) = 1). Let I 6= 0 be a graded
ideal of S and
· · · → F2 → F1 → F0 → I → 0,
be a graded minimal free resolution of I with Fi = ⊕jS(−j)
βi,j(I), for all i ≥ 0.
The numbers βi,j(I) = dimKTor
S
i (I,K)j are called the graded Betti numbers of I. The
Castelnuovo-Mumford regularity of I, reg(I), is given by
reg(I) = sup{j − i : βi,j(I) 6= 0}.
We say that I has a d-linear resolution if βi,j(I) = 0 for all i, j with j − i > d. If this is
the case, then I is generated by homogeneous elements of degree d. In this paper we focus
on non-zero homogeneous ideals that can be generated by squarefree monomials. Such
ideals are called squarefree monomial ideals.
We denote by G (I), the set of minimal generating set of a monomial ideal I ⊂ S. For
two ideals I, J ⊂ S the set I : J = {f ∈ S : fg ∈ I for all g ∈ J} is an ideal in S, called the
colon ideal of I with respect to J . The following is an easy consequence of the properties
of monomial ideals in S.
Proposition 1.1 ([14, Proposition 1.2.2]). Let I and J be monomial ideals. Then I : J
is a monomial ideal, and
I : J =
⋂
v∈G(J)
I : (v) .
Moreover, {u/gcd (u, v) : u ∈ G (I)} is a set of generators of I : (v).
A homogeneous ideal I is said to have linear quotients, if I has an ordered set of minimal
generators {u1, . . . , ur} such that the colon ideal (u1, . . . , ui−1) : ui is generated by linear
forms, for i = 2, . . . , r. If I is an equigenerated ideal with linear quotients, then I has a
linear resolution [14, Proposition 8.2.1].
1.1. Simplicial complexes. A simplicial complex ∆ on the vertex set V = {v1, . . . , vn}
is a collection of subsets of V such that {vi} ∈ ∆ for all i and, F ∈ ∆ implies that all
subsets of F are also in ∆. The elements of ∆ are called faces and the maximal faces under
inclusion are called facets of ∆. We denote by F(∆) the set of facets of ∆. By 〈F1, . . . , Ft〉
we mean the simplicial complex whose facets are F1, . . . , Ft. A simplicial complex which
has only one facet is called a simplex. A subset F ⊆ [n] is called a non-face of ∆ if F /∈ ∆.
The dimension of a face F is dimF = |F |−1, where |F | denotes the cardinality of F . A
simplicial complex is called pure if all its facets have the same dimension. The dimension
of ∆, dim(∆), is defined as:
dim(∆) = max{dimF : F ∈ ∆}.
For a simplicial complex ∆ of dimension d and for 0 ≤ i ≤ d, the i-th skeleton of ∆,
denoted by ∆(i), is a simplicial complex whose faces are all faces of ∆ with dimension≤ i.
By pure i-th skeleton of ∆ we mean a simplicial complex ∆[i] whose facets are all i-faces
of ∆. For a simplex these two concepts coincide.
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Simplicial complexes are in one-to-one correspondence with squarefree monomial ideals.
To each simplicial complex ∆ on the vertex set [n] we associate a squarefree monomial
ideal I∆ ⊂ S, which is called the Stanley-Reisner ideal of ∆, defined as follows:
I∆ = (xF : F /∈ ∆),
where xF =
∏
i∈F xi, for F ⊂ [n].
Definition 1.2 (Shellable simplicial complexes). A simplicial complex ∆ is called shellable
if there is a total order of the facets of ∆, say F1, . . . , Ft, such that 〈F1, . . . , Fi−1〉 ∩ 〈Fi〉 is
generated by a non-empty set of maximal proper faces of Fi for 2 ≤ i ≤ t. Any such order
is called a shelling order of ∆.
For a simplicial complex ∆ on the vertex set [n] and for a facet F ∈ ∆, let F¯ = [n]\F be
the complement of F . The Alexander dual of ∆, denoted by ∆∨, is the simplicial complex
∆∨ = {F¯ : F /∈ ∆}.
The facets of ∆∨ are the complements of minimal non-faces of ∆. Moreover, (∆∨)∨ = ∆.
Hence, if F(∆) = {F1, . . . , Ft}, then I∆∨ =
(
xF¯1 , . . . ,xF¯r
)
.
The following result shows that the facets of a shellable simplicial complex induces an
order of linear quotients for an appropriate ideal.
Proposition 1.3 ([14, Proposition 8.2.5]). Let ∆ be a shellable simplicial complex on the
vertex set [n]. The followings are equivalent:
(i) F1, . . . , Fr is a shelling order of ∆;
(ii) The ideal I∆∨ =
(
xF¯1 , . . . ,xF¯r
)
has linear quotients with respect to the given order.
1.2. Clutters. In this part we recall some definitions about clutters and their associated
ideals.
Definition 1.4 (Clutter). A clutter C on the vertex set [n] is a collection of subsets of [n],
called circuits of C, such that if F1 and F2 are distinct circuits, then F1 * F2. A d-circuit
is a circuit consisting of exactly d vertices, and a clutter is called d-uniform if every circuit
has d vertices.
A subclutter of a clutter C is a subset of C. If C is a clutter on the vertex set [n] and
W ⊆ [n], then the induced subclutter of C on W , C⌈W , is defined as:
C⌈W= {F ∈ C : F ⊆W}.
For a non-empty clutter C on the vertex set [n], we define the ideal I (C), as follows:
I(C) = (xT : T ∈ C) ,
and we define I(∅) = 0. The ideal I (C) is called the circuit ideal of C.
Let n, d be positive integers. For n ≥ d, by we mean the complete clutter on the vertex
set V with |V | = n, that is
Cn,d = {F ⊆ V : |F | = d} .
This clutter is called the complete d-uniform clutter on V with n vertices. In the case
that n < d, we let Cn,d be some isolated points. It is well-known that for n ≥ d the ideal
I (Cn,d) has a d-linear resolution (see e.g. [18, Example 2.12]).
If C is a d-uniform clutter on [n], we define C¯, the complement of C, to be
C¯ = Cn,d \ C = {F ⊆ [n] : |F | = d, F /∈ C}.
Frequently in this paper, we take a d-uniform clutter C 6= Cn,d on the vertex set [n] and
consider the squarefree monomial ideal I = I(C¯) in the polynomial ring S = K[x1, . . . , xn].
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1.3. Chordal clutters. In the following we recall some definitions and concepts from [3].
Let C be a d-uniform clutter on the vertex set [n] and let ∆(C) be the simplicial complex
on the vertex set [n] with I∆(C) = I
(
C¯
)
. The simplicial complex ∆(C) is called the clique
complex of C and a face F ∈ ∆(C) is called a clique in C. It is easily seen that F ⊆ [n] is
a clique in C if and only if either |F | < d or else all d-subsets of F belongs to C.
For any (d− 1)-subset e of [n] and a d-uniform clutter C, let
NC [e] = e ∪ {c ∈ [n] : e ∪ {c} ∈ C}.
We call NC [e] the closed neighborhood of e in C. In the case that e 6= NC [e] (i.e. e ⊂ F ,
for some F ∈ C), e is called a maximal subcircuit of C. The set of all maximal subcircuits
of C is denoted by SC (C). We say that e is simplicial over C, if NC [e] ∈ ∆(C). One may
note that a (d− 1)-subset of [n] which is not a maximal subcircuit is simplicial over C. If
e ∈ SC (C) and e is simplicial over C, then e is called a simplicial maximal subcircuit of C.
Let us denote by Simp (C), the set of all (d− 1)-subsets of [n] which are simplicial over C.
Let C be a clutter and let e be a subset of [n]. By C \ e we mean the clutter
{F ∈ C : e * F} .
This clutter is called the deletion of e from C.
Definition 1.5 ([3, Definition 3.1]). Let C be a d-uniform clutter. We call C a chordal
clutter, if either C = ∅, or C admits a simplicial maximal subcircuit e such that C \ e is
chordal.
Following the notation in [3], we use Cd to denote the class of all d-uniform chordal
clutters.
Definition 1.6. Let C be a d-uniform clutter. A sequence of (d − 1)-subsets of [n], say
e = e1, . . . , er, is called a simplicial sequence in C, if e1 is simplicial over C and ei is
simplicial over (((C \ e1) \ e2) \ · · · ) \ ei−1 for all 1 < i ≤ r.
As seen from the definition, the d-uniform clutter C is chordal if either C = ∅, or else
there exists a sequence of maximal subcircuits of C, say e = e1, . . . , et, such that e1 is sim-
plicial maximal subcircuit over C, ei is simplicial maximal subcircuit over (((C \ e1) \ e2) \ · · · )\
ei−1 for all i > 1, and (((C \ e1) \ e2) \ · · · ) \ et = ∅. The sequence e is called a simplicial
order of C.
To simplify the notation, given a d-uniform clutter C and a simplicial sequence e =
e1, . . . , er in C, we use C
0
e
for C and Ci
e
for (C \ e1) \ · · · \ ei for i ≥ 1.
In [3, Remark 2] it is mentioned that Definition 1.5 coincides with the graph theoretical
definition of chordal graphs in the case d = 2.
Example 1.7. In Figure 1, the clutter C is chordal, while the clutter D is not.
C = {{1, 2, 3}, {1, 2, 4}, {1, 3, 4}, {2, 3, 4}, {1, 2, 5}, {1, 2, 6}, {1, 5, 6}, {2, 5, 6}}.
D = {{1, 2, 3}, {1, 2, 4}, {1, 3, 4}, {2, 3, 5}, {2, 4, 5}, {3, 4, 5}}.
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23
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Figure 1. The Clutter C on the left and D on the right
Indeed, while the clutter D does not have any simplicial maximal subcircuit, one of the
possible simplicial orders for C is the following:
e1 = {1, 3} e2 = {1, 4} e3 = {2, 4}
e4 = {1, 2} e5 = {2, 6} e6 = {1, 5}
A celebrated theorem of Fro¨berg [10] gives a complete characterization of squarefree
monomial ideals generated in degree 2 with linear resolution.
Theorem 1.8 (Fro¨berg’s theorem). Let C be a 2-uniform clutter (i.e. a graph) and
I = I
(
C¯
)
. Then I has a linear resolution if and only if C is chordal.
1.4. Simplicial subclutters. [1, Definition 2.1]: Let C be a d-uniform clutter on the
vertex set [n] and D ( C be a subclutter of C. We say that D is a simplicial subclutter
of C, if there exists a sequence of (d − 1)-subsets of [n], say e = e1, . . . , et, and Ai ⊆{
F ∈ Ci−1
e
: ei ⊂ F
}
, i = 1, . . . , t, such that
(i) e1 is simplicial over C;
(ii) ei is simplicial over C \A1 \ · · · \ Ai−1, for i > 1;
(iii) D = C \ A1 \ · · · \ At.
Theorem 1.9 ([1, Corollary 2.5(c) and Corollary 2.9]). Let C be a d-uniform clutter and
let D be a simplicial subclutter of C.
(i) I
(
C¯
)
has a linear resolution if and only if I
(
D¯
)
has a linear resolution.
(ii) If I
(
C¯
)
has linear quotients then I
(
D¯
)
has linear quotients.
Remark 1.10. One may easily check that a simplicial subgraph of a chordal graph is
again a chordal graph. However, it is not known that whether any simplicial subclutter
of a chordal clutter is again chordal.
Remark 1.11. If C is a d-uniform chordal clutter, then ∅ is a simplicial subclutter of C.
Hence by Theorem 1.9(i) the ideal I(C¯) has a linear resolution (over all fields). This gives
a generalization of Fro¨berg’s theorem in one direction.
2. Decomposable clutters
In this section, we introduce a class of uniform clutters, called decomposable clutters,
whose associated ideals have linear quotients. We show by an example that this class is
not equivalent to the class of equigenerated ideals with linear quotients. However, in the
next section, we show that chordality of such clutters is indeed a generalization of Simon’s
conjecture.
Definition 2.1 (Decomposable clutter). A decomposable clutter is a d-uniform clutter
obtained recursively as follows:
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(i) Cn,d is a decomposable clutter;
(ii) If D = C1 ∪ C2, where C1, C2 are decomposable clutters on the vertex sets V (C1),
V (C2), respectively, with the property that V (C1) * V (C2), V (C2) * V (C1) and
V (C1) ∩ V (C2) is a clique in both C1, C2, then D is decomposable;
(iii) If C is a decomposable clutter, then every simplicial subclutter of C is decompos-
able.
We denote by C′d, the class of all d-uniform decomposable clutters.
Example 2.2. Let C be the 3-uniform clutter shown in Figure 2.
C =
{
{1, 2, 3}, {1, 2, 4}, {1, 3, 4}, {4, 5, 6}, {4, 5, 7}, {4, 6, 7}, {5, 6, 7}
}
.
1
2
3 4
7
5
6
Figure 2. A 3-uniform decomposable clutter
We show that C is decomposable. Note that C = C1 ∪ C2, where
C1 = {{1, 2, 3}, {1, 2, 4}, {1, 3, 4}}, C2 = {{4, 5, 6}, {4, 5, 7}, {4, 6, 7}, {5, 6, 7}}.
Consider C4,3 on the vertex set [4]. Any maximal subcircuit of a complete clutter is a
simplicial one, and so {2, 3} is simplicial in C4,3. Let A1 = {{2, 3, 4}}. Then C1 = C4,3 \A1.
Hence C1 is a simplicial subclutter of C4,3. By definition, C4,3 is decomposable which follows
that C1 is also decomposable. On the other hand C2 = C4,3 on the vertex set {4, 5, 6, 7}.
Hence C2 is also decomposable. Since V (C1) ∩ V (C2) = {4} is a clique in C1 and C2, we
conclude that C is a decomposable clutter.
Let C = C1∪C2 be a d-uniform non-complete clutter such that V (C1)∩V (C2) is a clique
in C1 and C2. It is shown in [19, Theorem 4.10 and Remark 4.12] that
reg
(
I
(
C¯
))
= max{d, reg
(
I
(
C¯1
))
, reg
(
I
(
C¯2
))
}.
This, in particular, implies that the ideal I
(
C¯
)
has a d-linear resolution if and only if both
of the ideals I
(
C¯1
)
and I
(
C¯2
)
have linear resolutions. It is natural to ask whether the
statement holds if we replace “linear resolution” by “linear quotients”. Proposition 2.4
gives an affirmative answer to this question. To prove this proposition, we need the
following lemma. By Mon(S) we mean the set of all monomials in the polynomial ring S
and for u ∈ Mon(S), we let supp(u) = {i ∈ [n] : xi|u}.
Lemma 2.3. Let I be a squarefree monomial ideal in S = K[x1, . . . , xn], and let N1, N2
be disjoint subsets of [n] such that
G(I) = {u ∈ Mon(S) : deg u = d, supp(u) ∩N1 6= ∅ 6= supp(u) ∩N2}.
Then I has linear quotients.
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Proof. Let N3 be the set of indices i ∈ [n] \ (N1 ∪ N2) such that xi divides u for some
u ∈ G(I). One may assume that N3 = [n] \ (N1 ∪ N2). We rename the elements of
[n] such that for all i ∈ N1, j ∈ N2, and k ∈ N3 we have i < j < k. Note that
I =
∑d−1
l=1
∑l
l′=1 I(d−l)l′ , where
I(d−l)l′ =
(
d−l∏
t=1
xit
l′∏
s=1
xjs
l−l′∏
r=1
xkr : it ∈ N1, js ∈ N2, kr ∈ N3
)
. (1)
We give the following order on the monomials in G(I):
(i) for each l, l′ let the monomial generators, v1, . . . , vr, of I(d−l)l′ be ordered lexico-
graphically induced by x1 > x2 > · · · > xn such that vi <lex vi+1 for 1 ≤ i < r;
(ii) for monomials u ∈ G
(
I(d−l1)l′1
)
and v ∈ G
(
I(d−l2)l′2
)
with (l1, l
′
1) 6= (l2, l
′
2), let
u < v if and only if (l1, l
′
1) < (l2, l
′
2); that is either (a) l1 < l2 or (b) l1 = l2 and
l′1 < l
′
2;
Suppose that I is generated by monomials u1 < · · · < um. We show that the colon ideal
(u1, . . . , uc−1) : uc is generated by variables, for 2 ≤ c ≤ m.
Note that {ui/gcd (ui, uc) : 1 ≤ i ≤ c− 1} is a set of generators of (u1, . . . , uc−1) : uc;
see Proposition 1.1. We show that for any ui, i ≤ c − 1, there exists uj , j ≤ c − 1, such
that uj/gcd (uj , uc) is of degree one and it divides ui/gcd (ui, uc).
By (1), uc belongs to I(d−l2)l′2 for some l2, l
′
2. So ui belongs to I(d−l1)l′1 for some l1, l
′
1,
where (l1, l
′
1) ≤ (l2, l
′
2). Let
ui =
d−l1∏
t=1
xi′t
l′
1∏
s=1
xj′s
l1−l′1∏
r=1
xk′r , and
uc =
d−l2∏
t=1
xit
l′
2∏
s=1
xjs
l2−l′2∏
r=1
xkr
with it, i
′
t ∈ N1, js, j
′
s ∈ N2 and kr, k
′
r ∈ N3.
We consider different cases for l1, l2, l
′
1, l
′
2 and prove in each case that there exist a, b ∈ [n]
such that xa divides uc/ui and xb divides ui/uc, and that (uc/xa) xb ∈ I with (uc/xa)xb <
uc. Then, setting uj := (uc/xa)xb, the assertion follows.
First suppose that l1 = l2. Since ui < uc we have l
′
1 ≤ l
′
2. Suppose that l
′
1 = l
′
2. Then
ui ≤lex uc. Since ui 6= uc, there exist a, b ∈ [n] such that xa divides uc while it does not
divide ui, and xb divides ui while it does not divide uc. Let a, b be the smallest integers
with these properties. Then xb <lex xa. Therefore (uc/xa)xb ≤lex uc. On the other hand
since l1 = l2 and l
′
1 = l
′
2 and since i < j < k for all i ∈ N1, j ∈ N2 and k ∈ N3, it is easily
seen that a ∈ Ni if and only if b ∈ Ni. Thus (uc/xa)xb ∈ I(d−l1)l′1 ⊆ I.
Assume now that l′1 < l
′
2. It follows that there exists a ∈ N2 such that xa divides uc
but not ui. In addition, l1 − l
′
1 > l2 − l
′
2 implies that there exists b ∈ N3 such that xb
divides ui but not uc. Then (uc/xa) xb ∈ I(d−l2)(l′2−1)
⊆ I. By the given ordering we have
(uc/xa) xb < uc.
Suppose that l1 < l2. Then d − l1 > d − l2 implies that there exists b ∈ N1 such that
xb divides ui and not uc. In the case that l
′
1 = l
′
2 we have l1 − l
′
1 < l2 − l
′
2. It follows that
there exists a ∈ N3 such that xa divides uc and not ui. Then (uc/xa)xb ∈ I(d−(l2−1))l′2 ⊆ I
and (uc/xa)xb < uc. In the case that l
′
1 < l
′
2 there exists a ∈ N2 such that xa divides uc
and it does not divide ui. Then (uc/xa)xb ∈ I(d−(l2−1))(l′2−1)
⊆ I and (uc/xa) xb < uc.
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Finally, in the case that l′1 > l
′
2 we have l1− l
′
1 < l2− l
′
2. It follows that there exists a ∈ N3
such that xa divides uc and it does not divide ui. Then (uc/xa)xb ∈ I(d−(l2−1))l′2 ⊆ I and
(uc/xa) xb < uc. 
Proposition 2.4. Let C be a d-uniform clutter on the vertex set [n], d ≥ 2, with C = C1∪C2
such that V (C1) ∩ V (C2) is a clique in both C1 and C2. Then I
(
C¯
)
has linear quotients if
and only if I
(
C¯1
)
and I
(
C¯2
)
have linear quotients.
Proof. Let N1 = V (C1) \ V (C2), N2 = V (C2) \ V (C1), and N3 = V (C1) ∩ V (C2). Let
T = {F ⊆ [n] : |F | = d, F ∩ N1 6= ∅ 6= F ∩ N2}. Since C = C1 ∪ C2, we have T ⊆ C¯.
Since V (C1) ∩ V (C2) is a clique in C1 and C2, for any F ⊆ N1 ∪N3 with F /∈ C1 we have
F ∈ C¯. Similarly, for any F ⊆ N2 ∪N3 with F /∈ C2 we have F ∈ C¯. Thus T ∪ C¯1 ∪ C¯2 ⊆ C¯.
Conversely, suppose that F ∈ C¯. By assumption F 6⊆ N3. In the case that F ⊆ N1 ∪N3
we have F ∈ C¯1, and in the case that F ⊆ N2 ∪N3 we have F ∈ C¯2. Finally, in the case
that F ∩N1 6= ∅ 6= F ∩N2 we have F ∈ T . Consequently, C¯ = T ∪ C¯1 ∪ C¯2.
Since V (C1)∩V (C2) is a clique in C1 and C2 and V
(
C¯1
)
= N1∪N3, V
(
C¯2
)
= N2∪N3, we
have G
(
I
(
C¯1
))
∩G
(
I
(
C¯2
))
= ∅. Therefore G
(
I
(
C¯
))
= G (I (T ))∪ G
(
I
(
C¯1
))
∪ G
(
I
(
C¯2
))
is a disjoint union of the sets, where I (T ) is an ideal generated by monomials xF with
F ∈ T . By Lemma 2.3, I(T ) has linear quotients.
First assume that I
(
C¯1
)
and I
(
C¯2
)
have linear quotients. We show that I
(
C¯
)
has linear
quotients.
We give the following monomial ordering < for the generators of I := I
(
C¯
)
such that
the ideal I has linear quotients with respect to this ordering:
(i) for monomials u ∈ G (I(T )), consider the given order in Lemma 2.3;
(ii) for monomials u ∈ G (I(T )) and v ∈ G
(
I
(
C¯1
))
∪ G
(
I
(
C¯2
))
let u < v;
(iii) for monomials u ∈ G
(
I
(
C¯1
))
and v ∈ G
(
I
(
C¯2
))
let u < v;
(iv) for monomials u ∈ G
(
I
(
C¯1
))
or u ∈ G
(
I
(
C¯2
))
, consider the given order of I
(
C¯1
)
and I
(
C¯2
)
, by which these ideals have linear quotients.
Suppose that I is generated by monomials u1 < · · · < um. We show that the colon ideal
(u1, . . . , uc−1) : uc is generated by variables, for 2 ≤ c ≤ m. To do this, we prove that for
any ui, i ≤ c− 1, there exists uj , j ≤ c− 1, such that uj/gcd (uj , uc) is of degree one and
it divides ui/gcd (ui, uc).
Suppose first that uc belongs to I(T ). So ui ∈ I(T ). Hence by Lemma 2.3 we get the
desired result.
Suppose that uc ∈ I
(
C¯1
)
. So uc = xF , where F ⊆ N1 ∪N3. If ui ∈ I
(
C¯1
)
we are done,
because I
(
C¯1
)
has linear quotients. It is enough to show that I (T ) : uc is generated by
some variables. We claim that
I (T ) : uc = (xb : b ∈ N2) .
Since V (C1) ∩ V (C2) is a clique in C1, we have F ∩ N1 6= ∅. In case |F ∩ N1| ≥ 2, let
a ∈ F ∩ N1, and in case |F ∩ N1| = 1, since |F | = d ≥ 2 and hence F ∩ N3 6= ∅, let
a ∈ F ∩N3. Therefore, for any b ∈ N2, uj := (uc/xa)xb ∈ I(d−l)1 ⊆ I (T ) for some l, and
so uj < uc. Moreover, uj/gcd (uj, uc) = xb. So (xb : b ∈ N2) ⊆ I (T ) : uc. Conversely, for
each u ∈ G (I (T )), there exists xb with b ∈ N2 such that xb divides u. This implies that
xb divides u/gcd (u, uc), since uc = xF with F ∩N2 = ∅. Thus I (T ) : uc = (xb : b ∈ N2).
Finally, suppose that uc ∈ I
(
C¯2
)
. So uc = xF , where F ⊆ N2 ∪ N3. If ui ∈ I
(
C¯2
)
we are done because I
(
C¯2
)
has linear quotients. It is enough to show that the ideal
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I (T ) + I
(
C¯1
))
: uc is generated by some variables. We claim that(
I (T ) + I
(
C¯1
))
: uc = (xb : b ∈ N1) .
Similar to the above argument we have (xb : b ∈ N1) ⊆
(
I (T ) + I
(
C¯1
))
: uc. Conversely,
for each u ∈ G
(
I (T ) + I
(
C¯1
))
, u = xG with G ∩ N1 6= ∅, because N3 is a clique in C1.
Thus there exists xb with b ∈ N1 such that xb divides u. This implies that xb divides
u/gcd (u, uc), because uc = xF with F ∩ N1 = ∅. It follows that
(
I (T ) + I
(
C¯1
))
: uc =
(xb : b ∈ N1). This completes the proof that I(C¯) has linear quotients.
Now suppose I
(
C¯
)
has linear quotients. We prove that the both ideals I
(
C¯1
)
and I
(
C¯2
)
have linear quotients. Suppose I is minimally generated by xF1 , . . . ,xFm and suppose
the given order provides linear quotients for I. Let G
(
I
(
C¯1
))
= {xFi1 , . . . ,xFil} with
1 ≤ i1 < · · · < il ≤ m. We show that I(C¯1) has linear quotients with the given order of
the generators. To do this, we prove that the colon ideal JC1 := (xFi1 , . . . ,xFik−1 ) : xFik is
generated by variables for all ik with i1 < ik ≤ il. Consider a (not necessarily minimal)
generator xFis/gcd(xFis ,xFik ) of JC1 . Since xFis/gcd(xFis ,xFik ) belongs to the colon ideal
JC = (xF1 ,xF2 , . . . ,xFik−1) : xFik and since by assumption JC is generated by variables,
it follows that there exists 1 ≤ r < ik such that xFr/gcd(xFr ,xFik ) is of degree 1 and it
divides xFis/gcd(xFis ,xFik ). We show that xFr ∈ G
(
I
(
C¯1
))
which proves the assertion.
It follows from
xFr
gcd(xFr ,xFik )
∣∣ xFis
gcd(xFis ,xFik )
that Fr \ Fik ⊆ Fis \ Fik . Since Fis , Fik belong to C¯1 we have Fis , Fik ⊆ V (C1). Therefore
Fr \ Fik , Fr ∩ Fik ⊆ V (C1). This implies that Fr ⊆ V (C1). Hence Fr /∈ T . If Fr ⊆ V (C2),
then since V (C1) ∩ V (C2) is a clique in C1, C2, we have Fr ∈ C1 ∩ C2 and so xFr /∈ I(C¯), a
contradiction. Thus Fr 6⊆ V (C2). It follows that xFr /∈ G (I (T ))∪G
(
I
(
C¯2
))
. Consequently,
xFr ∈ G
(
I
(
C¯1
))
. 
Now we have all tools needed to prove the main theorem of this section:
Theorem 2.5. Let C be a decomposable clutter on the vertex set [n]. Then the ideal I
(
C¯
)
has linear quotients.
Proof. If C = Cn,d, then I(C¯) = 0 and there is nothing to prove. So assume that C 6= Cn,d.
If C is of the form C = C1 ∪ C2, where C1, C2 are decomposable clutters on the vertex set
V (C1), V (C2), respectively, with V (C1) * V (C2), V (C2) * V (C1) and V (C1) ∩ V (C2) is
a clique in both C1 and C2, then the ideal I
(
C¯
)
has linear quotients by using induction
on the number of vertices and Proposition 2.4. Suppose now that C is not of this form.
Then C is a simplicial subclutter of a decomposable d-uniform clutter C′. By induction on
|G(I(C¯))|, we conclude that the ideal I(C¯′) has linear quotients. Applying Theorem 1.9(ii),
we conclude that the ideal I
(
C¯
)
has linear quotients. 
As a consequence of Theorem 2.5 we have the following result.
Corollary 2.6. Let C be a decomposable clutter. Then ∆(C)∨ is shellable.
Proof. By Theorem 2.5 the ideal I∆(C) = I(C¯) has linear quotients. It follows from Propo-
sition 1.3 that ∆(C)∨ is shellable. 
Example 2.7 shows that the class of decomposable clutters is not equivalent to the class
of uniform clutters whose associated ideals have linear quotients. Note that for a uniform
clutter C and a simplicial element e of C, if A ⊆ {F ∈ C : e ⊂ F}, then e ∈ Simp(C \A).
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Example 2.7. Let
C = {{1, 2, 5}, {1, 3, 5}, {1, 4, 5}, {2, 3, 4}}
be a 3-uniform clutter on [5]. It is easy to check that the ideal I(C¯) has linear quotients
with respect to the following order:
I(C¯) = (x1x2x3, x1x2x4, x1x3x4, x3x4x5, x2x4x5, x2x3x5).
Suppose C is a simplicial subclutter of a decomposable clutter D. Since C 6= D, there
exists a simplicial sequence e1, . . . , et of D and non-empty subsets A1, . . . , At as defined
in Subsection 1.4, such that C = D \ A1 \ · · · \ At. Then for any F ∈ At we have
et ∈ Simp(C ∪ {F}). Note that et 6= {1, 5} because {1, 5} /∈ Simp(C).
Since all 2-subsets of [5] are maximal subcircuits of C, by symmetry, we may assume
that either et = {1, 2} or et = {2, 3}. If et = {1, 2}, then At ⊆ {{1, 2, 3}, {1, 2, 4}}. But
{1, 2} is not simplicial in either of C ∪ {{1, 2, 3}} or C ∪ {{1, 2, 4}}. Therefore At = ∅, a
contradiction. Hence et 6= {1, 2}. With the similar argument, we also see that et 6= {2, 3}.
It follows that C is not a simplicial subclutter of D.
Now, assume that C = C1∪C2 such that C1 and C2 are decomposable clutters and V (C1)∩
V (C2) is a clique in both C1 and C2. Let i ∈ V (C1) \ V (C2) and j ∈ V (C2) \ V (C1). Then
there is no circuit in C containing {i, j}. But, all 2-subsets of [5] are maximal subcircuits of
C, a contradiction. Therefore C 6= C1 ∪ C2. Consequently C is not a decomposable clutter.
3. Simon’s Conjecture and chordality of decomposable clutters
In this section we study the relation between extendable shellability of skeletons of a
simplex and chordality of decomposable clutters.
Definition 3.1 (see [8]). A Simplicial complex ∆ is called extendably shellable, if any
shelling of a subcomplex Γ of ∆ with F(Γ) ⊆ F(∆) can be extended to a shelling of ∆.
As mentioned in the introduction, few classes of extendably shellable simplicial com-
plexes are known. The following conjecture by R. S. Simon offers a big class of extendably
shellable complexes.
Conjecture 3.2 (Simon’s Conjecture, [22, Conjecture 4.2.1]). Every d-skeleton of a sim-
plex is extendably shellable.
In case d = 2 this conjecture was shown to be true by Bjo¨rner and Eriksson [4]. In
Corollary 3.8, we show that Conjecture 3.2 also holds in case d ≥ n − 3. The main tool
to prove this result is Proposition 3.5. We need the following lemma for the proof of this
proposition.
Lemma 3.3. [20, Remark 2.2(ii)] Let Cn,d be the complete d-uniform clutter on the vertex
set [n] and let e = e1, e2, . . . , et be a sequence of (d− 1)-subsets of [n]. The followings are
equivalent:
(i) the sequence e = e1, e2, . . . , et is a simplicial sequence in Cn,d;
(ii) the ideal I = (xe1 , . . . ,xet) has linear quotients, with respect to the order xe1 , . . . ,xet.
Remark 3.4. Let C be a d-uniform clutter on [n] and let e be a (d − 1)-subset of [n]
which is not a maximal subcircuit of C. By definition of a simplicial element, we know
that e is simplicial over C. However, C \ e = C. Hence, a simplicial sequence e = e1, . . . , et
of the complete clutter Cn,d may contain some ei such that by removing ei from e we get
a new simplicial sequence e′ of Cn,d of length t − 1 with (Cn,d)
t−1
e
′ = (Cn,d)
t
e
. Similarly, if
if e = e1, . . . , et is a simplicial sequence of Cn,d and et+1 is a (d − 1)-subset of [n] with
12 M. BIGDELI, A. A. YAZDAN POUR, R. ZAARE-NAHANDI
et+1 /∈ SC
(
(Cn,d)
t
e
)
, then adding et+1 to the end of e we get a simplicial sequence e
′ of
Cn,d of length t+ 1 with (Cn,d)
t+1
e
′ = (Cn,d)
t
e
.
It is easy to check that a (d−1)-subset e of [n] is not a maximal subcircuit of (Cn,d)
t
e
if and
only if (xe1 , . . . ,xet) : xe = (xi : i ∈ [n]\e). Applying this fact to Lemma 3.3, one observes
that given an equigenerated squarefree monomial ideal I = (xe1 , . . . ,xet) which has linear
quotients with respect to the given order, if
(
xe1 , . . . ,xej−1
)
: xej = (xi : i ∈ [n] \ ej) for
some j, then removing xej form the ideal or changing its position to the k-th position with
k ≥ j in the given order, the resulting ideal with the new order still has linear quotients.
It follows from [2, Proposition 4.6] that all simplicial orders of Cn,d are of length l =
Σn−d+1i=1
(
n−1−i
d−2
)
= Σn−2i=0
(
i
d−2
)
. Therefore, if a squarefree monomial ideal I generated in
degree d− 1 has at least l minimal generators, the ideal I has linear quotients if and only
if there exist l elements u1, . . . , ul in the minimal generating set of I with the property
that J = (u1, . . . , ul) has linear quotients with the given order and there is no minimal
generator uj in J such that (u1, . . . , uj−1) : uj = (xi : i ∈ [n] \ supp(u)). Then the ideal
I has linear quotients with respect to the order u1, . . . , ul, ul+1, . . . , ur, where ul+1, . . . , ur
are the minimal generators of I not belonging to J .
Proposition 3.5. Let Cn,d be the complete d-uniform clutter on the vertex set [n]. The
followings are equivalent:
(i) The simplicial complex 〈[n]〉(n−d) is extendably shellable;
(ii) If e = e1, e2, . . . , et is a simplicial sequence in Cn,d, then the clutter C = (Cn,d)
t
e
is
a chordal clutter;
Proof. (i)⇒(ii): If C = ∅, there is nothing to prove. Assume that C 6= ∅. Let ∆ =
〈[n]〉(n−d) and consider the subcomplex ∆′ = 〈[n] \ e1, . . . , [n] \ et〉 of ∆. Note that ∆
′ 6= ∆,
because C 6= ∅. Since e = e1, e2, . . . , et is a simplicial sequence in Cn,d, it follows from
Proposition 1.3 and Lemma 3.3 that ∆′ is shellable with the given order. Since ∆ is
extendably shellable, there exist Gt+1, . . . , Gr ∈ F (∆), r =
(
n
n−d+1
)
, such that ∆ =
〈[n] \ e1, . . . , [n] \ et, Gt+1, . . . , Gr〉 is shellable with the given order. For i = t+1, . . . , r let
ei = [n] \Gi. Then by Proposition 1.3, the ideal (xe1 , . . . ,xer ) has linear quotients, with
the given order. Using Lemma 3.3 once again, we conclude that e1, . . . , er is a simplicial
sequence in Cn,d. Note that C \ et+1 \ · · · \ er = Cn,d \ e1 \ · · · \ er = ∅, for r =
(
n
d−1
)
. This
implies that C is chordal.
(ii)⇒(i): Let ∆′ = 〈G1, . . . , Gt〉 be a subcomplex of 〈[n]〉
(n−d) with dimGi = n − d
for all i, and suppose that ∆′ is shellable with the given order of the facets. For each i,
let ei = [n] \ Gi. It follows from Proposition 1.3 that the ideal (xe1 , . . . ,xet) has linear
quotients with the given order of the generators, and Lemma 3.3 implies that e1, . . . , et is
a simplicial sequence in Cn,d. By assumption, the clutter C = (Cn,d)
t
e
is chordal. Therefore
there exists a simplicial sequence e = et+1, . . . , es of C such that C \ et+1 \ · · · \ es = ∅.
It follows that e1, . . . , es is a simplicial sequence for Cn,d with Cn,d \ e1 \ · · · \ es = ∅.
Let {es+1, . . . , er} = {e ⊆ [n] : |e| = d − 1, e 6= ei, 1 ≤ i ≤ s}. Then for each
s+1 ≤ i ≤ r, ei is not a maximal subcircuit of Cn,d \ e1 \ · · · \ es and hence by Remark 3.4
e′ = e1, . . . , er is a simplicial sequence of Cn,d. By Lemma 3.3 the ideal (xe1 , . . . ,xer)
has linear quotients with the given order of the generators. Proposition 1.3 implies that
〈[n]〉(n−d) = 〈G1, . . . , Gt, [n] \ et+1, . . . , [n] \ er〉 is shellable with respect to the given order.
This completes the proof. 
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Let G be a decomposable graph. Then by Theorem 2.5 the ideal I(G¯) has linear
quotients. Hence it has linear resolution, and so by Theorem 1.8, G is chordal. Hence
we have C′2 ⊆ C2 (indeed, by Dirac’s celebrated theorem [9], we have C
′
2 = C2). This fact
together with Proposition 4.1, Corollary 4.5 and some experimental evidence, lead us to
the following conjecture:
Conjecture 3.6. C′d ⊂ Cd, for all d.
Next corollary shows that Conjecture 3.6 is, indeed, a generalization of Simon’s conjec-
ture.
Corollary 3.7. If C′d ⊂ Cd, then 〈[n]〉
(n−d) is extendably shellable.
Proof. It follows from Definition 3.1 that (Cn,d)
t
e
is a decomposable clutter for any choice
of a simplicial sequence e = e1, . . . , et. Also, our assumption implies that (Cn,d)
t
e
is a
chordal clutter. In view of Proposition 3.5, we get the desired conclusion. 
Corollary 3.8. (i) For d = 2, 3 the clutter (Cn,d)
t
e
is chordal for any simplicial se-
quence e = e1, . . . , et of Cn,d.
(ii) For i ≥ n− 3, the simplicial complex 〈[n]〉(i) is extendably shellable.
Proof. (i) Let C = (Cn,d)
t
e
. If C = ∅ we are done. Suppose C 6= ∅.
First suppose d = 2. In this case, Cn,2 is the complete graph on the vertex set [n] and
a simplicial deletion with respect to a simplicial vertex v results in the complete graph
Cn−1,d on the vertex set [n] \ {v}. Hence C = Cn−t,2 is a complete graph on n− t vertices.
This graph is clearly a chordal graph.
Now suppose d = 3. Since e1, . . . , et is a simplicial sequence in Cn,3, it follows from
Lemma 3.3 that the ideal I = (xe1 , . . . ,xet), which is equigenerated in degree 2, has linear
quotients, and hence linear resolution. Let G be the graph with I
(
G¯
)
= I. Then G is
a chordal graph, see Theorem 1.8. Thus G admits a simplicial order e. Suppose v is a
vertex which is the first element of the sequence e and let w ∈ NG [v] \ {v}. Now let
G′ be a graph whose edges are all edges of G except {v,w}. Then G′ is again a chordal
graph and since G′ is a simplicial subclutter of G, it follows from Lemma 1.9 that the ideal
I
(
G¯′
)
= (xe1 , . . . ,xet , xvxw) has linear quotients with the given order. Lemma 3.3 implies
that e1, . . . , et, et+1 is a simplicial sequence in Cn,3, where et+1 = {v,w}. Continuing this
process for C \ et+1, after some finite steps, we find a simplicial sequence et+1, . . . , er in C,
such that C \ et+1 \ · · · \ er = ∅. Therefore C is a chordal clutter.
(ii) The assertion is clear for i ≥ n− 1. For i = n− 3, n− 2, the assertion follows from
Proposition 3.5 and part (i). 
4. Some classes of decomposable clutters
The aim of this section is to compare the class of ideals associated to decomposable
clutters with some other known classes of ideals with linear quotients. Indeed, since the
ideals associated to decomposable (chordal, resp.) clutters have linear quotients (resolu-
tion, resp.), it is reasonable to ask how large this class is. We will see that some classes of
ideals with linear quotients come from the class of decomposable clutters.
4.1. Quasi-forest simplicial complexes. Let ∆ be a simplicial complex. A facet F ∈
F (∆) is said to be a leaf of ∆ if either F is the only facet of ∆, or there exists a facet
G ∈ F (∆) with G 6= F , called a branch of F , such that H ∩F ⊆ G∩F for all H ∈ F (∆)
with H 6= F .
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A vertex v of ∆ is called a free vertex of ∆ if v belongs to exactly one facet. Note that
every leaf has at least one free vertex.
A quasi-forest is a simplicial complex such that there exists a labeling F1, . . . , Fq of the
facets of ∆, called a leaf order, such that for each 1 < i ≤ q the facet Fi is a leaf of the
subcomplex 〈F1, . . . , Fi〉.
It is known that the 1-skeleton of a quasi-forest is a chordal graph (essentially Dirac
[9], see [15, Theorem 3.3]). In the following, we show that every pure d-skeleton of a
quasi-forest is a decomposable chordal clutter.
Proposition 4.1. Let ∆ be a quasi-forest, d a positive integer and let C = F
(
∆[d]
)
. Then
C is a decomposable and chordal clutter.
Proof. Let [n] be the vertex set of ∆ and F (∆) = {F1, . . . , Fr}, where Fi is a leaf in
the simplicial complex 〈F1, . . . , Fi〉 for i = 2, . . . , r. We use induction on r to show that
C = F
(
∆[d]
)
is a decomposable chordal clutter.
If r = 1, then C = F(〈F1〉
[d]) consists of all (d + 1)-subsets of F1 and hence it is a
complete (d + 1)-uniform clutter on the vertex set F1. Therefore it is decomposable by
definition. Moreover by [3, Corollary 3.11], C is also chordal. Assume that r > 1 and the
assertion holds for all quasi-forest simplicial complexes with less facets. Let F be the set
of free vertices of Fr in ∆, let F
′ = Fr \ F and D = C⌈[n]\F . Since Fr is a leaf in ∆, there
exits j < r, such that Fi ∩ Fr ⊆ Fj ∩ Fr, for all i = 1, . . . , r − 1. Hence
F ′ =
r−1⋃
i=1
(Fi ∩ Fr) ⊆ Fj ∩ Fr ⊆ Fj .
This implies that F ′ ∈ 〈F1, . . . , Fr−1〉. Set C1 = F
(
〈F1, . . . , Fr−1〉
[d]
)
and C2 = F(〈Fr〉
[d]).
Then C = C1 ∪ C2, and V (C1) ∩ Fr = F
′ is a clique in C1 and C2.
Since the simplicial complex 〈F1, . . . , Fr−1〉 is a quasi-forest, our induction hypothesis
implies that C1 is a decomposable chordal clutter. Moreover, C2 is also decomposable and
chordal by induction base. Therefore, by definition, C is decomposable.
As in the proof of [3, Lemma 3.10], there exists a simplicial sequence e = e1, . . . , et in
C such that Ct
e
= C1. It follows that C is also a chordal clutter. 
Remark 4.2.
(a) Let ∆ be a quasi-forest simplicial complex, C = F
(
∆[d]
)
and I = I
(
C¯
)
. It follows
from Proposition 4.1 and Theorem 2.5 that the ideal I has linear quotients.
(b) It is known that every chordal graph is 1-skeleton of a quasi-forest (c.f. [15, The-
orem 3.3]). Since chordal graphs are exactly decomposable 2-uniform clutters, we
conclude that every decomposable graph is 1-skeleton of a quasi-forest. This is not
the case for arbitrary d-uniform decomposable clutters, d ≥ 3; see Example 4.3.
(c) Let G be a decomposable graph and I = I
(
G¯
)
. Then G is chordal and it is known
that all powers of I have a linear resolution (c.f. [16, Theorem 3.2]). One can not
expect to have the same statement for arbitrary d-uniform decomposable clutters,
d ≥ 3; see Example 4.4.
Example 4.3. Let C be the following 3-uniform clutter (see Figure 3):
C = {{1, 2, 3}, {1, 3, 4}, {1, 4, 5}, {1, 2, 5}} .
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Figure 3. The 3-uniform clutter C
Note that C is a decomposable clutter. To see this, we observe that the clutters
C1 = {{1, 2, 3}, {1, 3, 4}, {2, 3, 4}, {1, 2, 4}} and C2 = {{1, 2, 4}, {1, 2, 5}, {1, 4, 5}, {2, 4, 5}}
are decomposable, for they are complete clutters on 4 vertices. Since V (C1) ∩ V (C2) =
{1, 2, 4} is a clique in both C1 and C2, the clutter C3 = C1 ∪ C2 is a decomposable clutter.
Now, let e1 = {3, 4}, e2 = {2, 4}, A1 = {{2, 3, 4}} and A2 = {{1, 2, 4}, {2, 4, 5}}. Then
C = C3 \ A1 \ A2 is a decomposable clutter, by definition.
Now let ∆ be a simplicial complex with F(∆[2]) = C. Then dim(∆) = 2 and C ⊆ F (∆).
But ∆ can not be a quasi-forest, because for any order F1, F2, F3, F4 of the elements in
F(∆) ∩ C, the facet F4 does not have a free vertex.
Example 4.4. Let
C = {{1, 2, 3}, {1, 2, 4}, {1, 2, 5}, {1, 2, 6}, {1, 3, 4}, {1, 3, 5}, {1, 4, 6}, {1, 5, 6},
{2, 3, 5}, {2, 3, 6}, {2, 4, 5}, {2, 4, 6}}.
Then C is a decomposable clutter. To see this, we observe that by letting
e1 = {5, 6}, A1 = {{2, 5, 6}, {3, 5, 6}, {4, 5, 6}}
e2 = {3, 6}, A2 = {{1, 3, 6}, {3, 4, 6}}
e3 = {3, 4}, A3 = {{2, 3, 4}, {3, 4, 5}}
e4 = {4, 5}, A4 = {{1, 4, 5}},
we have e1 ∈ Simp(C6,3) and for 2 ≤ i ≤ 4, ei ∈ Simp(C6,3 \ A1 \ . . . \ Ai−1). Moreover,
C = C6,3 \ A1 \ A2 \ A3 \ A4. So, C is a decomposable clutter. But the ideal I
(
C¯
)2
does
not have linear resolution (c.f. [24, p. 284]).
4.2. Squarefree stable ideals. For a monomial u ∈ S = K[x1, . . . , xn] we set m(u) =
max{i : xi divides u}, and call a (squarefree) monomial ideal (squarefree) stable, if for all
(squarefree) monomials u ∈ I, and all i < m(u) (such that xi does not divide u) one has
xi(u/xm(u)) ∈ I. It is easy to see that the defining property of a (squarefree) stable ideal
needs to be checked only for the set of monomial generators of the ideal, [14, Problem 4.1].
The class of (squarefree) stable ideals have linear quotients [14, Problem 8.8(b)] and hence
linear resolution over all fields. In [20, Theorem 2.5] it is proved that the uniform clutters
associated to squarefree stable ideals are chordal. The question comes whether these
clutters are decomposable too.
A (squarefree) monomial ideal I is called a (squarefree) lexsegment ideal if for all
(squarefree) monomials u ∈ I and all (squarefree) monomials v ∈ K[x1, . . . , xn] with
deg v = deg u and v ≥lex u one has v ∈ I.
Let I be a (squarefree) monomial ideal in S. Then I is called (squarefree) strongly stable
if one has xi(u/xj) ∈ I for all (squarefree) monomials u ∈ I and all i < j such that xj
divides u (and xi does not divide u).
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It is known that (squarefree) lexsegment ideals and (squarefree) strongly stable ideals
are (squarefree) stable (see [14, Page 103]). Following this fact, [20, Theorem 2.5] and [1,
Theorem 3.2] we get:
Corollary 4.5. Let I be an equigenerated squarefree monomial ideal which is either lexseg-
met, or strongly stable or stable in K[x1, . . . , xn] and let C be the uniform clutter on the
vertex set [n] with I = I(C¯). Then
(i) [20, Theorem 2.5] C is a chordal clutter.
(ii) [1, Theorem 3.2] C is a simplicial subclutter of Cn,d. In particular, C is a decom-
posable clutter.
The following example shows that not all simplicial subclutters of a complete clutter
end in squarefree lexsegmet, squarefree strongly stable or squarefree stable ideals. They do
not always lead to matroidal ideals too. Recall that an equigenerated squarefree monomial
ideal I is called matroidal if for each pair u, v in the minimal generating set of I, whenever
xi|u and xi 6 |v, then there exists j with xj |v and xj 6 |u such that xj(u/xi) ∈ I.
Example 4.6. Let I = I(C¯), where C is the clutter in Example 4.4. Since I2 does not
have linear resolution, it follows that I is not matroidal because all powers of a matroidal
ideal have linear resolution over all fields [14, Corollary 12.6.4]. Moreover, I is not stable
because for u = x3x5x6 ∈ I, m(u) = 6, and we have x1(u/x6) = x1x3x5 /∈ I. Since all
lexsegment ideals and all strongly stable ideals are stable, we conclude that I is neither
lexsegment nor strongly stable.
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